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Abstract 



In this paper we are concerned with general divergence type quasi-linear degenerate parabolic equations 
with measurable coefficients and lower order terms. This class of equations has numerous applications 
and has been attracting attention for several decades (see, e.g. the monographs [T] IT7] 151]. survey [5] 
, and references therein). 

Let fl be a domain in R™, T > 0. Set f2y = fix (0,T). We study solutions to the equation 

00 

(1.1) Ut — div A(x, t, u, Vu) — ao(x, t, u, Vu), (x,t) € Oa 

on ' 

Throughout the paper we suppose that the functions A : x R + xKxM"->M™ and a : Q x M + x 
R x R™ — * 1™ are such that A(-, •, u, Q, Oq(-, -, u, () are Lebesgue measurable for all u S R, C 6 R w , and 



A(x, t, •, •), ao(x, t, ■) are continuous for almost all (x, t) G fir- 

We also assume that the following structure conditions are satisfied: 

A(x,t,u,CX > ci|Cl p , CeR", 
(1.2) |A(a: > t,u > C)| < c^r 1 + gi(x)\u\*- 1 + h{x), 

\a (x,t,u,C)\ < Hx^Cr 1 +g 2 (x)\u\P- 1 +f 2 (x), 

where 2 < p < n, ci,C2 are positive constants and fi(x), f2{x), gi{x), g2(x), h(x) are nonnegative func- 
tions, satisfying conditions which will be specified below. The constants in (|1.2p . n and p are further 
referred to as the data. The aim of this paper is to establish basic qualitative properties such as local 
boundedness of weak solutions, their continuity and the Harnack inequality for positive solutions under 
minimal possible restrictions on the coefficients in structure conditions (|1.2[) . These properties are indis- 
pensable in the qualitative theory of second-order elliptic and parabolic equations. For equation (jl.ip 
with gi — <?2 = h = and /i , f% constants the local boundedness and Holder continuity of solutions 
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was know since mid-1980s (see [71 [5] for the results, references and historical notes), and a recent break 
through has been made in [10] . where the intrinsic Harnack inequality has been proved. Before stating 
precisely our results we make several remarks related to lower order terms of (|1.1|) and refer the reader 
for an extensive survey of the regularity issues to [Tj [10] . 

Local boundedness and Holder continuity of weak solutions to homogeneous linear divergence type 
second-order elliptic equations with measurable coefficients without lower order terms is known since 
the famous results by De Giorgi [5] and Nash [33], and the Harnack inequality since Moser's celebrated 
paper [21] . However in presence of lower order term in the equation weak solutions may have singularities 
and/or internal zeroes, and the Harnack inequality in general may not be valid, as one can easily realise 
looking at the equation —Am + t§fzU = 0. It was Serrin [33] who generalized Moser's result to the case 
of quasi-linear equations with lower order terms with conditions expressed in terms of L p -spaces. Using 
probabilistic techniques Aizenman and Simon in their famous paper [T] proved the Harnack inequality 
and continuity of weak solutions to the equation — Au + Vu = under the local Kato class condition on 
the potential V. Moreover, they showed that the Kato type condition on the potential V is necessary 
for the validity of the Harnack inequality. Soon after that Chiarenza, Fabes and Garofalo [5] developed 
a real variables techniques to prove the Harnack inequality for a linear equation of divergence type with 
measurable coefficients and the potential from the Kato class, thus extending Aizenman, Simon's result. 
Kurata [T5] extended the method of Chiarenza, Fabes and Garofalo and proved the same for the equation 
— ^2 k ■ dkCikjdjU + Y^j bjdjU + Vu = 0. with 6| 2 , V from the Kato class. Both papers [5] and [H] make 
a heavy use of Green's functions which makes this approach inapplicable to quasi-linear equations. To 
treat the quasi-linear case of p-Laplacian with a lower order term Biroli [3J [4] introduced the notion of 
the nonlinear Kato class and gave the Harnack inequality for positive solutions to —A p u + Vu 9 " 1 = 0. 
This was extended in [28] to the general case of quasi-linear elliptic equations with lower order terms. 

For second-order linear parabolic equations with measurable coefficients (without lower order terms) 
Holder continuity of solutions was first proved by Nash [33] . Moser [33] proved the validity of the Harnack 
inequality which was extended to the case of quasilinear equations with p = 2 in the structure conditions 
and structure coefficients from L 9 -classes in [3], [33]. The continuity of weak solutions and the Harnack 
inequality for second-order linear elliptic equations with lower order coefficients from Kato-classes was 
proved by Zhang [331 [33J . 

The parabolic theory for degenerate quasi- linear equations differs substantially from the "linear" 
case p = 2 which can be already realized looking at the Barenblatt solution to the parabolic p-Laplace 
equation. DiBcnedetto developed an innovative intrinsic scaling method (see [7J and the references to 
the original papers there; see also a nice exposition in [30j where some recent advances are included) 
and proved the Holder continuity of weak solutions to (| 1 . ljl for p ^ 2 for the case gi = g% = h = and 
fi, fo, from L 9 -classes, and the intrinsic Harnack inequality for the parabolic p-Laplace equations. For 
the measurable coefficients in the main part of the intrinsic Harnack inequality was proved in the 
recent break-through paper [10 . It is natural to conjecture that the intrinsic Harnack inequality holds 
for the parabolic p-Laplace equation perturbed by lower order terms with coefficients from Kato classes. 
The difficulty is that seemingly neither De Giorgi nor Moser iteration techniques work in this situation. 

In this paper following the strategy of [TU] but using a different iteration, namely the Kilpelalnen- 
Maly technique [13] properly adapted to the parabolic equations (cf. [26l [27] ), we establish the local 
boundedness and continuity of solutions to Ql.lj) and the intrinsic Harnack inequality. 

Following Biroli [3J [4] we introduce the non-linear Kato K p class by 



where B r (x) = {z 6 fl : \z — x\ < r}. As one can easily see, for p = 2, K p reduces to the standard 
definition of the Kato class as defined in [Tl [3S] . 

We will also need the class K p of functions g G L 1 (il) satisfying the condition 



(1.3) 




B r (x)nn 



\g(z)\dz 




(1.4) 
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It is easy to see that K p c K p . We assume that 

(1.5) F 1 :=(g 1 + f 1 )^ &K P , 

(1.6) F 2 := hP + g 2 + h e K p . 

In what follows we use the following quantities 

(1.7) K(R) = sup f R [4- j F 1 (z)dz) P -, 

xenJo \r n p J Br(x) / r 



T 2 (R) = sup [ [ -1- / F 2 (z)dz 
^enJo V 7 " p Jb t {x) 



P 1 dr 



Before formulating the main results, let us remind the reader of the definition of a weak solution to 
equation (11. ip . 

We say that u is a weak solution to HI]) if u e F(0 T ) := W^(Q T ) (~) C([0, T]; if oc (^)) and for any 
interval [£i , £2] C (0,T) the integral identity 



(1.9) / mpdx + / {— uip T + A(x, t, u, Vu)\7(p — ao(x, r, u, Vu)ip } dx dr = 

o 

for any ip G V^Qt). 

The first main result of this paper is the local boundedness of solutions. 

Theorem 1.1. Let conditions (|1.2|) . (|1 .5|) and (|1.6p be fulfilled. Letu be a weak solution to equation (|1.1|) . 
T/ien m locally bounded, that is u £ L^ c (f2r). 

The proof of Theorem 11.11 is based on the adaptation of the Kilpelainen-Maly technique [13] to 
parabolic equations using ideas from [26, 27J. Having established the local boundedness we proceed with 
the continuity. At this stage we can assume that the solutions are bounded in fix- 

Theorem 1.2. Let conditions (|1.2| . (|1.5|) and (|1.6j) &e fulfilled and h(x) = 1. Lei u be a bounded weak 
solution to equation (jl.ip . ITien w is continuous, that is u £ C(f2x)- 

Next is the Harnack inequality for positive solutions to (jTTTJ) . 

Let it be a nonnegative solution to (|1.1|) . Fix a point (xo,io) G such that u(xo,£o) > 0. Consider 
the cylinders 



Q" p (x ,t ) = B p (x ) x (to - 9 P p ,t + 9 P P ), 9 = 



c ^ 2 



^ \w(xo,to) 
where c > is fixed. 

Theorem 1.3. Let conditions the conditions of Theorem M . 6 A be fulfilled and h(x) = 1. Let u be a positive 
solution to (jl.ip . Then there exist positive constants c, 7 depending only on the data and supq t u(x,t), 
such that for all intrinsic cylinders (xq, to) C fix either u(xq, to) < j(p + T\(2p) + T^iflp)) or 



u{x ,to)<j inf u(x,t + 9p p ), 



p-2 



B p (xo) ' ' \n(xo,to) / 

Moreover, if gi = gj = 0, the constant 7 can be chosen independent from supq t u(x,t). 
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Remark 1.4. In the linear theory the Kato class is known to be the optimal condition on the zero order 
term of the equation Au + Vu — to imply the continuity of solutions and the Harnack inequality. The 
same is true for the quasi-linear equations. For the equation A p u+Vu\u\ p ~ 2 = with V behaving around 

zero like c ^log , depending on the sign of V, one can easily produce a solution with singularity 

/ \ 1— p+e 

at zero, or with internal zero at zero (see, e.g.[THl [H]). On the other hand, the function c (log jiy 
is from the Kato class K p for any e > 0, and Theorems ll.il [I~2l ll.3l applv. 

Let u be a weak solution to (jTTTJ) in Qt- Let (y, s) £ Qt be an arbitrary point. Consider the cylinder 

Ql P {y,s) c Or, 

Q e p (y, S )=B p (y)x( S ~9p p ,s), 9 > 0. 
Denote by p± and u) non-negative numbers such that 

p+ > ess sup u(x, t), p- < essinf u(x, t), u> > — /j,- . 
Ql p {y,s) Ql P (.v,») 



As was already mentioned, our strategy of the proof of the Harnack inequality is the same as in [10] . 
Namely, Theorems II. 21 fOl will be consequences of the following two theorems. 

The next theorem is a De Giorgi-type lemma (cf. jlOj ) . and its formulation is almost the same as in 
[10] . However, due to the different structure conditions the De Giorgi type iteration cannot be used. 
Instead, we adapt the Kilpelainen-Maly iteration [13] combined with ideas from [26l [27], where the 
Kilpclalncn-Maly technique was adapted to parabolic equations. 

Theorem 1.5. Let the conditions of Theorem \l. 6 2\ be fulfilled. Fix£,a £ (0, 1), (£uj) p ~ 2 > \. There exist 
numbers B > 1 and v G (0, 1) depending only on the data and and a such that if 

(1.10) \{(x,t)&Q 6 2p (y,s) :u(x,t)<n-+tw}\<u\Ql p faa)\, 
then either £w < B(p + J r i(2p) + T 2 (2p)), or 

(1.11) u(x,t) > (U_ + a£uj for almost all (a. a.) (x,t) G Q e p (y,s). 
Likewise,if 

(1.12) \{(x,t)€Q 6 2p (y,s) : u(x,t) > (m+ - &}\ < v\Q e 2p (y, s)\, 
then either £us < B(p + T x {1p) + T 2 {2p)), or 

(1.13) u(x,t) < p + — a^uj for almost all (a. a.) (x,t) G Q 9 p {y,s), 

where T\{p), T 2 {p) are defined in p.5[) , (|1.6[1 . 

The following theorem is an expansion of positivity result, analogous in formulation as well as in the 
proof to [TU1 Lemma 3.1]. 

Theorem 1.6. Let the conditions of Theorem be fulfilled. There exist positive numbers B,b± < b 2 
and a G (0, 1) depending only on the data such that if 

(1.14) u(x, s) > p- + N forxeBp(y), 
then either N < B(p + T 1 (2p) + T 2 {2p)), or 

(1.15) u{x,t) > p,- + aN for a. a. x G B 2p {y), 
for all 

(1.16) s + N 2 - p b lP p < t < s + N 2 - p b 2 p p . 
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If on the other hand 



(1.17) u(x, s) < p+ - N forxeBp(y), 
then either N < B(p + T 1 (2p) + T 2 {2p)), or 

(1.18) u(x,t) < /i + — aN for a. a. x G B 2p (y), 

for all t satisfying (|1.16|l . 

The rest of the paper contains the proof of the above theorems. In Section [5] we collect some auxiliary 
propositions and required integral estimates os solutions. In Section[3]we give a proof of local boundedness 
of solutions which is based on the parabolic modification of the Kilpelalnen-Maly technique [T3| . Section^] 
contains the proof of the variant of De Giorgi lemma, Theorem ll.5l Expansion of positivity, Theorem ll.61 
is proved in Section [5] In Section [6] we prove continuity of solutions following [7] . Finally, in Section [7] 
we sketch a proof of the intrinsic Harnack inequality, Theorem 1 1.31 leaving out details for which we refer 
to [TU]. 



2 Auxiliary material and integral estimates of solutions 

2.1 Local energy estimates 

Lemma 2.1. Let u be a solution to (11. lj) in Qt- Then there exists 7 > depending only on n,p 1 c\ 1 c 2 
such that for every cylinder Q e p (y,s) — B p (y) x (s — 9p p ,s) C fir, any k € R 1 and any smooth $,(x,t) 
which is zero for (x,t) S dB p (y) x (s — 8p p , s) one has 



(u- k) 2 ± Z(x,t) p dx + Cl ff \V(u-k)±\ p £,{x,t) p dxdt 



sup 

s -e P p<t<s JB„(y) JJQ e p {y,s) 

< f (u-k) 2 ±£{x,s-6p p ) p dx + 'Y [ [ ((«-*0±|V£| p + (u - k) 2 ±\£ t \) dxdt 
Jb p { v ) JJQ e „{y,s) 

+ iff LfiO)^ + gi (x)^\u\ p ]£ p dxdt + 7 ff {u-k) p ± h{x) p £ p dxdt + 
JJA p { y ,s) JJQliy,*) 

(2.1) + iff (u-k) ± (f 2 (x)+g 2 (x)\ur 1 )edxdt, 
JjQ e P (y,s) 

where A p (y,s) = Q e p (y,s) n {{u- k)± > 0}. 

Proof. Test (|1.1[) by <p = (u — k)±£ p and use conditions (|1.2[) and the Holder and Young inequalities. □ 
Let 

j£:=esssup|(u-fc)±|, *±(u) := ( In —± — ^— — ) , < c < H±. 

Q e p (.y,s) V H k - {u-k)±+c/ + 

Lemma 2.2. Let u be a solution to fll.ljl in Qt- Then there exists 7 > depending only on n,p,ci,c 2 
such that for every cylinder Q p (y, s) = B p (y) x (s — 8p p , s) C £It, any k 6 R 1 and any smooth £(x) which 
is zero for \x — y\ > p one has 



sup f ® 2 ± (u)edx< f y 2 ± (u)Z p dx + 1 ff V ± \y' ± (u)\ 2 - p \V£\ p dxdt 

>pP<t<sJB p (y) JB p (y)x{s-e p P} ■>->Q e p {y,s) 

7// ^ ± \V ± (u)\ 2 - p h{x) p dxdt + 1 f f ^±W±{u)\ 2 (h{x)^ + 9l {x)^\u\ p ) 



s-6 P 



A p (y,s) J J A p (y,s) 



dxdt 



(2.2) +7// ^ ± \^ ± (u)\(f 2 (x)+g 2 (x)\u\ p - 1 )dxdt. 
JJa p ( v ,s) 

The proof is analogous to that of Proposition 3.2, Chapter II]. 
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2.2 Auxiliary propositions 

The following two lemmas will be used in the sequel. The first one is the well known De Giorgi-Poncare 
lemma (see Chapter I], (THl Chapter II, Lemma 3.9]). 

Lemma 2.3. Let u G W 1 ' 1 (B p (y)) for some p > and y G R n . Let k and I be real numbers such that 
k < I. Then there exists a constant 7 depending only on n such that 

(2.3) (l-k)\A k J\B p \A Lp \ < 1P n+1 ( \Vu\dx, 



Ai, p \A k ,p 



where A k ^ p = {x G B p : u[x) < k}. 



The next lemma is the time-dependent version of the measure-theoretic lemma from [5], which can 
be extracted from [TQl Section 8]. 

Lemma 2.4. Let Qi = -Bi(O) x (—1,0) and v G V(Q\). Let v satisfy (|2.ip . Suppose that there exist 
constants 7 > and v G (0, 1) such that 

(2.4) // \Vv\ p dxdt<-f and \{(x,t) G Q\ : v(x,t) > 1}\ > v. 

J JQ 1 

Then for any A G (0, 1) and vq G (0, 1) there exist a point (y, s) G Q\, a number rjo G (0, 1) and a cylinder 
Q2r, (y,s) C Qi such that 

(2.5) \{(x,t)GQ V0 (y,s) : v(x,t)>X}\>(l-u )\Qr, (y,s)\, 
where Q R (y,s) = B R {y) x (s - R p ,s). 

In what follows we will frequently use the following lemma which is due to Biroli [31 13] . 
Lemma 2.5. Let 1 < q < n. For any e > there exist Rq < 1 and r > such that the inequality 

1 f „, dr 



(2.6) sup / — - H(z)dz -<r 

xeB 1 (0)J0 \ r JB r (x)nB 1 (0) J r 

implies that 

(2.7) / H{x)\(p{x)\ q dx < e I \V<p{x)\ q <lx 



/ 

JB R {x 



B R (x 



for any ip G W 1 ^ (B R (x )) if R < Ro and B iRo (x ) C -Bi(O). 



2.3 Integral estimates of solutions 

Set 

G(u)-- 



u for u > 1, 

u 2-2\ for < u < 1. 



Lemma 2.6. Let the conditions of Theorem \1.1\ be fulfilled. Let u be a solution to (II. ip . Then there 
exists a constant 7 > depending only on n,p, C\, C2 such that for any e G (0, 1), I, 8 > and any cylinder 

Q p 5 \y, s) = B p (y) x (s - ^V, s + 5 2 -? Y) cfi T , P < R 



6 



and any £ € C^ D {Q t 'p\y, s)) such that £(x,t) = 1 for (x,t) G Q^LiVi s ) 
h -=S 2 [ u(x,t)G 



)(«) 



L(t) 



l I J; 



< 7 <5 2 // „ ' " ^ < - 1 



7\ 1-A / , \ 2A 
U — I \ I U — I 



1P-1 



+ £<5 P / / U 1 + 



- I 



(1+A)(p-1) 



\VZ\rt k - p dxdT 

8 - I 



ds F 2 (x)£, k dxdr 



■ : — 1 1 u p+1 yi , iS 



- I 



-1-A 



Fi(x)£ k dxd,T + je-^ P p S 2 - p / f x {x)^dx 

Jb p { v ) 



r 8 

(2.8) + 7 p^ 3 - p / / 2 (i)^:=r/, 
J B P (y) l=2 



where L = Q { p S) (y, s) n {u > I}, L(t) = L n {r = *} and A = min{i fc = (p+2)(p ~ 1)(1+A) 



Proof. First, note that 
(2.9) 



1 + — — I f — — I ds < j6, 



p—l—X 



and 



1A is- I s ~" A 



wg?u; / 1 + 



i r f s-i\~ 1+x /s-r ~ 2A 



ds=- 1 



' s — « \ , ( u — l\ 



(is = — t 



; J; 

>\u{u-l)J^ (l + IZi 

(2.10) 

Test ([Til) by </? denned by 
(2.11) t) = u(x, t) 

and ii = s — 5 2 ~ p p p , t 2 = t. Using (|1.2|) we have for any i > 



4 V 5 



(u 2 - s 2 )ds 



(l + z)- 1+x z- 2X dz 



u(x,t) / s -i\ _1+A fs-r ~ 2A 



ds 



> 1 8 2 uG 



£(x,t) k 



u — I 



U nV) 

wdw I ( 1 



7\ -l + A / ,\ -2A 
s — I \ I s — I 



L(t) Jl Jl V $ 

s-r 



ds£_ k dx 



L Jl 



1 



s - I 



s-l 



ds\(, t \£ k ~ 1 dxdt 



7 // u r (i 



l Ji V <5 

s - I 



s - I 
s - I 



ds [IVul^ 1 + gi u p - x + A] iV^^dxdt 
. ! ds [hlVuf 1 + g 2 u p - 1 + / a ] ^*dxdt. 



jjl Ji \ 5 

From this using !|2£J), (HHni) and Young's inequality we obtain the required 



□ 



Set 
(2.12) 



ip(x,t) 



u(x.t) 



SP ( 1 



— 1-A 

s — l\ p ( s — I 



ds 



Lemma 2.7. Let the conditions of Lemma \2.6\ be fulfilled. Then there exists v\ 6 (0, 1) depending only 
on n,p,ci,C2 such that the inequality 



(2.13) 

implies that 

u — I 



uG 



L(t) 



£ k dx + S p - 2 J j \Vi/j\ p £ k dxdT < "* d J p J j 



u 1 + 



u — I 



(1+A)(p-1) 



£ k - p dxdr 



u | 1+ ) ( ) £ k - p dxdT 



-jp 1 



5p 



Sp(2/) 



Fi(x)dx 



l p p p 



b p (a) 



F 2 {x)dx 



(2.14) 



a* GO 



/i(x)p-ic?x + 7^ :T / _ h{x)d. 



B P (y) 



Proof. In the notation of Lemma 12.61 with s = v 1 2 , using the Young inequality we have 



(2.15) 
Set 



h + h + h<v l 



5" 



i S p 



P p JJl V ■ 5 



u — I 



(1+A)(p-1) 



P" 



u \1 + 

u — l\ l A l ' u — l 



t k ~ p dxdT 



p-i 



£, k - p dxdT. 



- //(..■ />" / (1 + ^ ( S ~lA ^ dsF 2 (x)edxdr, 



ho = 1^~ 2 II (« - 0^ ( 1 + 



-I 



-1-A 



F^x^dxdr. 



First we estimate By the Young inequality and Lemma 12.51 we obtain 



ho < ivl / / (u - i)+ 1 + 



- / 



-1-A 



( U -or 1 i+ 



p+1 f u — l 



-1-A-p 



|Vw| p £ fe dxdT 
|Vu| p £ fc cfcdT 



( U -/) P + +I (i + 



u — / 



-1-A 



Z k - p dxdr 



(2.16) 



1 }.S p [[ { u-l 



(1+A)(p-1) 



£ k - p dxdr. 



To estimate ig we consider the weak solution to the problem 

-\H = F 2 , H E W 1,p (B p (yj), 



(2.17) 



/ \VH\ p - 2 \7H -V(pdx = [ F 2 <pdx, 



for any ip G W 1 ' p {B p (y)). By [Hj we have 

(2-18) \\H\\ L «, (Bp(y)) <!T 2 {2p) 

Testing (pTTTj) by 

<p=(u- 0+ 
and using the Young inequality we have 



Bp(y) 



,\ -l+A / ,\ -2A 
S — I \ I S — I 



dsF 2 {x)£, k dx 



< 7 f \vh\p- 1 V J {u-iy [ ( 1 + 
" / s P (y) [ Jl 



s - I 



s - I 



dx 



< 



87 



B P (y) Jl 



7\ -l+A / ,\ -2A 
S — I \ I S — I 



87 JB p (y) J 1 v 



6 

s-l 



5 

s-l 



(u-lf + / 1 + 



;\ -l+A / ,\ -2A 
s — I \ s — I 



P+i 



ds\Vu\ p £ k dx 
ds\Vu\ p ^ k dx 
ds\VH\ p £ k dx 



B P (y) 



(2.19) 



(n-or(i+V) 1+A (V) 2 Vm fc ^ 



Using the definition of the weak solution to (|2.17[) again, we have 

,x -l+A / , 
S — I \ 18 — 1 



( u -iy + [i , 

B p (y) Jl V 



ds\VH\ p £ k dx 



F 2 {x)H{u 1 + 



S P (y) 



s-l 



s-l 



(2.20) 
and 



/ H\VH\ p - 2 VH • V J (« - 0+ /" fl 

JB p (y) { Jl V 



- I 



ds^ k dx 



ds£ k } dx, 



B P (y) 



o - or 1 ( 1 + W 1+A ( W 2A mn k dx 



= [ H(u-lT + +1 (l + 

JB p (y) V 

(2.21) +/ H\VH\ p - 2 VH • V J (u - l) p + +1 (l 
Jb p ( v ) { V 



5 , 
u — I 



5 

u — I 



- I 



-I 



F 2 {x)£, k dx 



C } dx. 



The terms in the right hand side of (|2.20p have been estimated in (|2.19p . The right hand side of 
(|2.2ip is estimated similarly to (|2.16|) using the Young inequality. Thus using (|2.13|) and (|2.18[) and 
collecting ([2~T5]) . igUS]) ■ (pTT9"j) - (|22T]) we arrive at the required pTHjl . □ 
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3 Local boundedness of solutions. Proof of Theorem 11.11 

Let (xo,to) be an arbitrary point in fl-r- Let 



i min {l, dist (.T , dn T ),tl,(T-t )i}. 



R ^2 
Let 

QR(x 0) to) =B R {x ) x {t Q -R 2 ,t + R 2 ). 
Fix a point (y, s) € Qr (xo, to). For j = 1, 2, . . . set 

Pj = R2- j , Qj = B 3 x(s- 8*- p ff p s + 6]-*fi), B 4 = B pj (y), Lj = Qj n ft T n {u{x, t) > lj}. 

Let & e C oo (Q i ) be snch that fcfot) = 1 for (x,t) e B j+1 x (s - |<5|^, «+ ftf? -1 '^), |V&| < 7/Oj 1 , 
lfl<7fV' 

The sequences of positive numbers (Ij)jeH an( i (^j)jeN are defined inductively as follows. 
Set Iq = 1 and assume that li, I2, ■ ■ ■ , lj and So, 6±, . . . , Sj—± have been already chosen. Let us show 
how to chose lj+i and Sj. 

Define the sequence (aj)j^ by 



Pi 



p-i 



For I > L + an set 



where Lj = Qj n fi T n {u(a;, t) > lj}, Qj = B 3 x (s -{I- ljf- p p P , s+(l- l 3 ) 2 - p p p ). 

Fix a positive number x 6 (0, 1) depending on n,p, ci, C2, which will be specified later. If 

(3.3) Aj{lj + aj )<x, 

we set = lj + ctj. 

Note that Aj(l) \ as I — > 00. So if 

(3.4) A J (Z J + a i )>x, 

there exists I > lj + ctj such that A,(Z) = x. In this case we set lj+i = I. 

In both cases we set Sj = lj+i — lj. Note that our choices guarantee that Qj C QB(xo,to) and 

(3.5) Aj(l j+1 ) < x. 

Lemma 3.1. Let the conditions of Theorem ] 1.1\ be fulfilled. The for all j > 1 there exists 7 > depending 
on the data, such that 



(3.6) 5j < -Sj^ + ay + 7 (1 + Ij)^ 2 » [ p p r " / Fl (x)dx ) + 7 (1 + i,) ( p p f n \ F 2 {x)dx 



B< J \ JB 



p-i 



Proof. Fix j > 1. Without loss assume that 

(3.7) > ^<Sj-i, 5j>a>j, 

since otherwise (|3.6p is evident. The second inequality in (13 . T[) guarantees that A,(Zj + i) = x and 

Qj = Qr 
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Let us estimate the terms in the right hand side of (|3.2p with I = lj+i- For this we decompose Lj as 
Lj=L'jUL'!, 

L>=\x eL 3 : ^±<e 1 ], L" = Lj \ Lj, 

where E\ depending on n,p, c±, C2 is small enough to be determined later. 
We also have 

(3.8) lj > 1. 

Recall that = 1 on Qj. By (|3.5p we have 

,n+l^(l+A)0-l)„-„ /" U c( U ~ 



(3.9) < 2"+ 1 £^ 1+A ^- 1 V7_" 1 sup / f G #_ x dz < 2"+ 1 4 1 



Let 

Then by the Young inequality 

/ u -z-\ (1+A)(p_1) fc _ /7 

u I — - — - ) £■ p dxdr < £2 I I u(x,T)dxdr 

L'J V / J ././/• 

(3.10) + ^jj^ul^LJL^ Zf-^dxdr, 
where 

_ n + p{\) p - 1 - A _ P 

Z n (1 + A)(p-1)' P[ ' p-l-X' 

Similarly to (13. 9p we have 

/" /" P p+n 

(3.11) // u(a;,r)da;dT < 2 n+1 ^2-Z J ; 



Using the evident inequality 



2{ Sl )-^j(x,tyW < u^t)^ < c ( £l )^(^,t)" (A) , (x,t) e L"j, 



the Sobolev inequality and Lemma 12.71 with I = lj, 5 = Sj, we obtain 

(l + A)(p-l) z 



u 

L'J 



(^) ' ^dxdrK^jj^u-^^^dxdr 



< 7(ei)L " ( sup / uH^^'f* 1 * dx 



L'J 

P 

V ( i) j ^ n+f ' W)p } dxdr 
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(3.12) 



< l(ei)S 2 - p l 



5f 



u[l + 



u — L 



(1 + A)(p-1) 



dxdr 



u ( H ^ ) ( —r^ I fjcfccdr 



5 /ft 



From (|33|) - (l3~T2l) and from the fact that = 1 on Qj-i, we obtain 



sr 2 rr u fu-i^ {l+x) ^ l) 



P 7 j +P JJl, + l \ S 



£2) 



n + 



2 3 r 3 



, F 1 {x)dx+ 3 ' / F 2 (x)dx 



(3.13) 



p—n p—n . 



1 ff , 



Let us estimate the second term in the right hand side of (|3.2|) . By Lemma l2~7l with I — lj, 5 = 8j 
we have 



+l(si)S p - 2 p- 



(3.14) 



-?L " g (^) ^ s 7 + ef ir v /I 



dxdr 



j.\ (1 + A)(P-1) 



Bi 0? JBi 



+ V ^% I h( x ) p - ldx + l^ L T I h{x)dx. 



"3 Ja D 



The first two terms of the right hand side of (|3. 14|) were estimated in (|3.9p and in (|3.12[) . Therefore we 
conclude from (|3~T^) . flOgl that 



(3.15) 



(T +1 e[ 



(1+A)(p-1) «,„+! 



+ 2" +i £2 + ^ 1 +ef (p - 1) )x + 7 (e 1 , e2 ) 



2 3 r 3 



: : -- ' /-.(.rk/.r • ;<• 



< 1 ^ 



fi(x)^dx + -f ! — T f 2 (x)dx 



F\{x)dx 



X + V 



S P JB. 



Fx(:c)da: + 3 3 



5 p ~ 



s p - JBj 



F 2 (x)dx 



-1 -^jr- h{x)"- x dx + -^j- f 2 (x)dx 



Choose ^1 < y|, £i,£2, such that 



9 n+l (1+A)(p-1) nn+l , 2A(p-l) 1 



and >c such that 7(ei, £2)^" = A- Hence (13.151) yields (|3.6p which completes the proof of the lemma. □ 
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In order to complete the proof of Theorem 11.11 we sum up (|3.6[) with respect to j from 1 to J — 1 



< -fS + jR + 7(1 + 



j'=i 



< 7^0 + tX> + 7(1 + 2P E / F ^ dx + 7(1 + «J) E / 



2iJ 



1 



j,n—p 



Fi(x)dx 



BAy) 



P dr 
r 



(3.16) 



27V 



1 



j,n—p 



F2(x)dx 



BAy) 



dr 
r 



Let us estimate So- If h = Iq + ao then <5o = ao- If on the other hand li, 5o are defined by A(li) = x 
then by (JOJ) 



(3.17) 5 < 7 



Qj?(^o,*o) 



+ 7 sup 

t -fl 2 <t<to+fl 2 



— — / u 2 dx 

. Rn Jb r (x ) . 



Now we choose Rq > such that ^-"i(i?o) + -7 r 2(-Ro) < v \ < ^7 ljy i P , where 7 as in last line of (13.161) . 



Then by 1(535]) . for R < R we obtain 
1 



< 7 + 7 



(3.18) 



-7.R + 7 



QrOo,*o) 



+ 7 sup 

ta-R 2 <t<t„+R 2 



R" 



i 2 dx 



B R (x ) 



2R 



1 



j,n—p 



Fi(x)dx 



P dr 



+ 7 



BAv) 



21! 



1 



j,n—p 



F 2 (x)dx 



BAv) 



dr 
r 



Hence the sequence (lj)j£jq is convergent, and 5j — > ( j ^ 00), and we can pass to the limit J — > 00 in 
P.18p . Let I — limj-too lj. From (|3.5| we conclude that 



(3.19) 



Pp 



I ;\(1+^)(P-1) ^ irl+A(p-l) n C • ^ 
w(lt — t)^_ < JKlOj ^ [j — > 00). 



Choosing (y, s) as a Lebesgue point of the function it(u — /) < ^ L+A '"' P ^ we conclude that u(y,s) < I and 
hence u(y,s) is estimated from above by the right hand side of (|3.18|) . Applicability of the Lebesgue 
differentiation theorem follows from [12j Chap. II, Sec. 3]. 

Taking essential supremum over QR/<2,{xo,ta) we complete the proof. □ 



4 Proof of Theorem 11.5 

In this section we prove the Theorem 11.51 which is a DeGiorgi-type lemma |10) . Here we assume the 
structure conditions 

A(x,t,u,0C > cxicr, (eR n , 
(4.1) \A(x,t,u,Q\ < calCr 1 + A(x), 

\a (x,t,u,0\ < + f 2 (x), 

with some positive constants ci,C2 and nonncgative functions fi(x), fz(x). These assumptions follow 
from (|1.2p due to the boundedness of u and h = 1. 
We assume that 

/r 1 G ir p! / a G Kp. 
We provide the proof of ([l.llj) . while the proof of (jl.1311 is completely similar. 

Set v = u — M = esssup n |u(a:, t)|. In the sequel 7 will denote a constant depending on the 
data and M, which, as usual, can vary from line to line. 
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Lemma 4.1. Let u be a solution to (jl.ip . Then for any 1,5 > and e 6 (0, 1) and any cylinder 
Q p 5 \y, s) = B p {y) x (s - S^ff, s + 5 2 ^ff ) c fir, P < * 



and any £ G C^{Q p 5 \y, s)) such that £{x,t) = 1 /or G Q^y , s) with |V£| < 7 ±, |&| < 7 ^ 



(-5) 



have 



L{t) 



, \ -1+A / , \ -2A 

I — v\ I I — V 



\Vv\ p £(x,T) k dxdT 



l-v 



(1-A)(p-1) 



l-V 



2A(p-l) 



C~ p dxdT 



e S - II 



(1 + A)(p-1) 



£ k ~ p dxdT 



(4.2) 



+ 1 e~—ip p 8 2 - p / F 1 (x)dx + 7 p p 5 3 ^ / F 2 (x)da;, 



where L = Q { p \y, s) H {v < I}, L(t) = L C\ {t = i) and A = min{^, ^} } fc = p + (p+ 2 Hp; 1 K 1 +a) a ,„ / 



G(u) is defined in the previous section. 
Proof. The proof is similar to that of Lemma 12.61 with the choice of the test function 

i- 1 



p-l-A 



ip(x,t) 



i/(a;,t) 



i 



; \ -1 + A / , x -2A 
I — S\ I I — S 



ds 



Set 
(4.3) 

Note that 
(4.4) 

with 
(4.5) 



w(x, t) 



I - s 

8 Jv(x.t) V $ 



I - s 



ds 



c(e)w(x,t) p(X) < < C{e)w(x,t) p ^ if LJi > e, 





p(X) = 



p-l-A 

The next lemma follows from Lemma H . 1 1 with e = v\ via the arguments similar to l|2.16p - (|2.21[) . 
Lemma 4.2. Let u be a solution to (|l.lj) . Then for any I, 5 > and e G (0, 1) and any cylinder 

Q p s \y, s) = B p (y) x(s- S 2 -p P p, s + <5 2 ^ >fP) C fi T , p < i? 

and any £ g C$°(Q p S) (y,s)) such that £{x,t) = 1 /or (x,i) G Q^Gm) twtt |Vf| < 7 ±, |&| < 7^ 
i/iere exists v\ G (0, 1) depending only on n,p,c\,C2 such that the inequality 



(4.6) 



J c "i(2i?) + F 2 {2R) < vi 
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implies that 



sup / G 



L(t) 



< 



6"- 



+ 7" 



P" 

5 P-2 



I — v(x, t) 



l-v 



£(x,t) k dx + S p - 2 // \Vw\ p £(x,T) k dxdT 



(1 + A)(p-1) 



i k ~ P dxdT 



l-v 



(l-\)(p-l) 



l-v 



2A(p-l) 



( k - p dxdr 



(4.7) 



+ 7 



5p 



B„{y) 



F\{x)dx + r yv 1 



p-1 H 



5 p ~ 1 



B P (y) 



F 2 (x)dx, 



where L, A, k and G are the same as in Lemma \4-1\ 
Further on we assume that 

(4.8) iu>B{p + T l {2p)+^{2p)). 

Let (xi,ti) 6 Q%y,s). Set 



5 



,j = 1,2,..., 



C > 16 will be fixed later depending only on the known data. 
Let l Bj+1 < £j(x) < l Bj , 



< 0j(t) < l 



tl 1 + - 



We start with the choice of the sequences lj,Sj,j = 0, 1, 2, 
Set 



- iy- 2 ff (h-v 



(1 + A)(p-1) 



1 



£j(x,t) k p dxdt + ess sup — / G 
1 r j 



£j(x, t) k dx, 



Lj{l) Lj(l,t) 

where Lj(l) = Qj{l) n Six H {v < lj}, Lj(l,t) = Lj n {t = <}. Define the sequence (<x/).,- e N by 



3 J 



~ 3 dr 
r 



Fi(z)dz + 



" j dr 
r 



IB r (x{) J JO ' \ JB r (x 1 ) 

By the definition of the Kato class dj J, as j — > oo. Note that 



F 2 (z)dz 



3 = -1,0, 1,2, 



(4.9) — a j > 7 
and also 

(4.10) a 3 _i - otj < 3rj + 7 



r p - n f F 1 (z)dz) P + (r p - n f F 2 {z)dz 



r i-l 



F 1 (z)dz + r P Z" / F 2 {z)dz 



Set Iq=(uj, I = + ^2a. Then - I = - ^f- > > ^f- and moreover from (QUI) it 
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follows that 



ft,. j\p-2 rr/t,, „,\ ( 1 + a )(p- 1 ) 



r n Q +p J J \ 

L a {l) 

< n+p Ufa*) £ Qo(0 : V(x,t) < Ml 

r 

4(l+A)(p-l)(-£ w )P-2 

|{(i,t)6^(»,«) : «(M)<^+MI 



< 



r, 



(i 



(4.11) < t/4( 1+A )^- 1 )(2C) n+p 6'(^) p " 2 . 

By Lemma El 

ess sup \ [ G ( 7— -= ) £(x,t) k dx 



L (l,t) 



'0 

L (l) 

-^//(-|^)~«-»— 

La{l) 

p—n p p—n n 

+ 7 e~^ r ° _ / Fi(a;)da; + 7 -9-= / F 2 (x)dx 

(4.12) < jv9{£uj) p - 2 C n+p +je-^C n ~ p {B 1 - p + B- p ). 

Fix a number >r G (0, 1) depending on the known data. First, choose e = v, next choose v from the 
condition r yvQ(£ i w) p ~ 2 C n+p < ^ and B from the condition B x ~ p ^v~~p^ C n ~ p < j. Then we obtain from 
dm}, that A (7) < f . 

Lemma 4.3. Suppose we have chosen l\, . . . , Zj and ■ ■ • , such that 

I B 1 

(4.13) + -aj_i < Zj < k-i - |(a,_2 — Qii-i), * = 1, 2, . . . , j, 

(4.14) ^-i(Ii)<x, i = l,2,...,j ) 

(4.15) Zi>^± ' 1. 
TTien 

(4.16) ^(0<f, 7 =| + f^- 
Proof. Let us decompose 1^(7) as 

L,(7) = L;.(7)ui;'(7), l;.(7) = |^|< £i |, L>>(i) = L$)\L' j (j). 
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Using that £j_i(x,t) = 1 for (x,t) 6 Qj(l) and inequality (|4. 14[) we have 



'•• JJ \h~ l 



L'Al) 



< {j ± ^^LM^-^—n esssup / ^{x,tfdx 



ih - l r „(i+A»(p-i)i r mi/ £ - 

r n+ P 

j 3 

Lj(l.t) 

^ 1+A)(P " 1} . f „fh-i-v 



(4.17) < ^ esssup/ G — - £j-i(x, tfdx < 2 n e\ 

Above we also used the following inequality, which follows from (14.13[) , (|4.15p . 

- lj B B B 

L — I = — a,j > — 1 au_i otj 

3 2 4 1 ~ 4 8 3 A 3 

. . I A _ 1 — I A Lj B B — In 

(4.18) = -L±-L + i + - ai _ x - -aj > J 



4 J ~ 4 



It follows from (ETT%1) that Q 3 {1) C 

Using the Young inequality we have 



to - iy 



r 



n+p 



(4.19) 



< 



h~ v 
h - 1 



(1 + A)(p-1) 



£,j(x,t) k - p dxdt 



r n +p 
j 



Lj{l)\+l{ziY-^ 



_ n + p(A) 

(ij-i) p - 2 [ffU-vY^w- 



+p 



II 



lj-l 



^(x,t)^- p >dxdt, 



where p(X) = p _ p _ x , z(l + X)(p — 1) = p due to our choice of A, z > 1. 

Similarly to (|4.17p . the first term in the right hand side of (|4.19[) is estimated as 



(4.20) 
Define 



£i- 



(lj - iy_ 



Wj{x, t) 



h-l 



v(x.t) 



-\Lj{l)\ <e 1 2 n x. 



L — s \ p f I L — s\ " 



h-l 



h-l 



ds 



-i + 



Using the embedding theorem and Lemma l4.2l we have 



7(ei 



ih-iy- 2 



n+P 



L -v\ p p <A >" 



h-l 



^(x,t)^ k - p >dxdt 



< 7(ei) 



) fe n ff~ 2 [[™j(*,tr^Zj(x,rt k - p >dxdt 



< 7(gi) ^ J „+ p P I esssup // Wj -(a;,t) p(A) ^(2:,t)p("+pW)da; 



17 



dxdt 



Lj(l,t) 



< 7(£i) 



L — v 



1 £ n 



+P 



L 3 (l) 



1 



(1-A)(p-1) 



h - v 



2A(p-l) 



dxdt 



h - v _ 
ij-l 



(1+A)(p-1) 



dxdt 



Let us take e = 1. Using the inequality lj < and (|4.12j) . (I4.14| . (|4.18|) we have 

i 

dxdt 



p-2 



< 7 



fe-i) p - 2 



(X-A)(p-1) /f _ yX 2..V,.- Ii 



(1-A)(p-1) 



dxdt 



■ r m, , J'i-i)- 1 -^ 



(Zj_i - w) (1+A)(p - 1) e j _i(a; ! i) fc ^ p dx^ 



5 P-2 

(4.22) < 7 >r + 7-^ 



n+p 



(1 + A)(p-1) 



^-l(x,t) k - p dxdt < 7 x. 



Furthermore, (|4.15p implies that lj — I > — Oj). Therefore by (|4.9|) we have 



(4.23) 



7 



& - 



f F 1 (x)dx+ 1 j [ F^dxK^-P + B-P)- 



Using Lemma 14.21 again, we obtain 
1 

1 



— G 



£ 3 (x,t) k dx 



< 



+ 7£ 



Lj(l,t) 



%(0 

ih-iy- 2 



h-l 



(1-A)(p-1) 



2A(p-l) 



l j j) ^(x,tf- p dxdt 

lj — I J 



L — v\ 



(1+A)(p-1) 



— J £j(x,t) k - p dxdt 



(4.24) 



i r 



Li{l) 
p—n 



7£ 



(I, - l)p 



p—n 



F^dx + ry^^— ^F 2 (x)dx 
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Using the decomposition Lj(l) = L'(l) U L"(l) we have 



(4-25) + 7(£i r 3 r 4 J J fj~) ^tf^dxdt. 



Similarly 



3 L'J(l) 



7^^^ // (l + ^Y 1 ~ A> ^\(M)^*Hft 



< 7£ (l + £l ) (1 - A)(p - 1) fe ^ l L KOI 

-2 /■/■ /;. „,\ (1+A)b-1) 



(4.26) + £7 ( £ i) ij rW ;; yy (1^1 j fc(M) fc - p <*Hft- 

Combining estimates (|4.17[) - (|4.26|) we have 
(4.27) 

Aj(J) < 7 (£ 1 1+A)( ^ 1) +£i A( ^ 1) +£(l+ei) (1_A)(p ~ 1) )^+7(ei, £)(S 1 -P+S-P)+ 7 ( £l ,e){^+(B 1 -f+S-P)} 1 +t- 
First choose £i from the condition 

(4.28) £ (i+A)(p-i) +£ 2A( P -i) = _L 
Next we choose e from the equality 

(4.29) e (i + ei )(i-*)(p-i) = _L. 
Fix >r by 

(4.30) 7 ( £l)£ ) x £=_L 
and choosing i? large enough so that 

(4.31) B 1_p + S-p<^, 

we conclude from (|4.27|) that Aj(l) < which completes the proof of Lemma |4~31 □ 

Further, since Aj(l) is an increasing and continuous function and Aj(l) — > oo if I — > lj, inequality 
(|4.16p ensures the existence of I £ (I, lj) such that Aj(l) = x. If I < lj — \{a.j-\ — aj) we set lj+\ = I. If 
I > lj — j( a j-i ~ a j): then we set lj+\ — lj — j(ay_i — aj) and in both cases we set Sj = lj — lj+i- 

In what follows 

Qj = Qj{lj+l), Lj = Lj(lj + l) 

Lemma 4.4. Let the conditions of Theorem ] 1.5\ be fulfilled. Then for any j > 1 the following inequality 
holds 



(4.32) Si < + jrj + 7 I r p f n I F 1 (x)dx I +7 I rf n / F 2 (x)dx 



2 



p-i 



3-1 
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Proof. Fix j > 1 and assume without loss that 
(4.33) 



since in the opposite case due to (|4.10[) inequality (|4.32p is obvious. The second inequality in (|4.33D 
ensures that Aj(lj + i) = x. Using the decomposition Lj = L'j U L'! similarly to (|4.17p . (|4.19p - (|4.22p we 
obtain 



- . (p-l)(l + A) 

n+p 



■ ' e 



(l+A)(p-l)"j , r/ , v j 



r n+p < ^n+p J j \ g 



^{x,t) k - p dxdt 
lj-v* 



S p ~ 2 S p - 2 r r /;. „,\ (i+a)(p-i) 



£j(x,t) k - p dxdt 



(4.34) < 1 (e^ +X){p - 1) +e 1 )K + j(e 1 )\>c + 5; p r p - n F 1 (x)dx + 6 j - p r l ;- n l F 2 (x)dx 



Using Lemma l4~2l in the same way as (|4.24p - (|4.26|l we have 



ess sup — f G 

t r] J Lj{t) 



(kjll^ ^( x ,t) k dx < 7 (4 1+A)(p - 1) +s x 1 {p - 1) +s(l + e 1 )^- 1 )); 



+ 7(ei,e) 



S -Pt*-» / F 1 {x)dx + S)- p r p - n / F 2 (x)dx 



(4.35) + 7 (ei,e) <( x + 5j p r p f n I F 1 {x)dx + 5 l f p r p f n I F 2 [x)d. 



Choosing E\,e, k from inequalities (|4.28p . (|4.29p . (|4.30p we conclude that at least one of the two 
following inequalities holds 

.1 / \ P=T 

r P ' n J F 2 (x)dx 



Sj<7\ rf n / Fi{x)dx , Sj < 7 



which proves Lemma 14.41 

Summing up inequality (|4.32[) with respect to j = 1, . . . , J — 1 we obtain 



□ 



(4.36) i x -Zj < S Q + 7 r +7^ 

j'=i 



p—n 



\ 



/•'.- / F\(x)dx 



J 



\r p - n I F 2 (x)da 



If Zi is defined by l\ — £w — \{a.-i — «o) then 8q = \{a.—\ — olq). Passing to the limit in (|4. 36|) as J — > oo 



we have 



BAv) J 



I F 2 (x)dx ] dr 
r n-p j | r 

V B r (y) 



If Zi < £uj — h(a.-i — ao) then Aq(Zi) = x and at least one of the following inequalities holds 



(4.38) 



n+P 



l Q _ y \ (1+A)(p-1) ^ 

— ? — ) eZxcte > — 

d / 2 
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or 



(4.39) 



ess sup — f G 
t J 



lp - v 
So 



X 

ax > — . 
~ 2 



L (t) 



Similarly to flTT) . it follows from ([435]) that 



(4.40) 



ssr 



— < 

9 — n+p 



k - v 
So 



(1+A)(p-1) 



dxdt < ~/C n+p 



^(^) (1+A)(p - 1) 6' 



8, 



1+A(p-1) 




Similarly to ([4~T2]) with e = v~i, it follows from (j4739|) that 

'lo-v" 



^<esssup — / G 
z * 'o J 

^o(t) 



So 



St 



n+p 



1 + — 



dx 



(1+A)(p-1) 



dxdt + 7 



"a 



(4.41) < 7 



cl + A(p-l) 



B 
p—n 



p — 7l p 

F 1 (x)dx + j-^ =I / F 2 (x)dx 
S P J 



+ 7 —^-r p - n I F 1 {x)dx + 1 ^ I / F 2 (x)dx. 



s p ~ 



B 



First we choose C > 16. Then ([PO"]) . flU"]) imply that 

5 < £w( 7 >r 1 C Tl+? V(^) P ~ 2 #) i+MP-D 



(4.42) 



F t {x)dx +7 rg~ B / F 2 



Finally due to the inequality (,uj>6 p- 2 from (j4.36|) . (|4.37|) . (|4.42| we have due to v < 1 
£w < v( Xl ,h) + ^(7^ 1 C" +p j/^ (^) p " 2 0) 1+Mp-d + 7 p 



(4.43) 



7 



-Fi(a;)<ia; 



dr 



\ Br GO 

Next we fix from the condition 
(4.44) 7 x- 1 C ,n+? V(£w) ? '- 2 
and finally, choosing B large enough so that 



F2(x)dx 



dr 

r 



\ B r (y) 



(4.45) 

we obtain from (|4.43[) 
(4.46) 



B > 



27 
1-a' 



Since {x\,t\) is an arbitrary point in Q s p (y,s), from (|4.46j) the required (|1.11|) follows, which proves 
Theorem O □ 
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5 Expansion of positivity. Proof of Theorem 11.61 

In the proof we closely follow [10) , also using the idea of logarithmic estimates from [7] . Our assumption 
here are again (|4.ip . In what follows we suppose that 



(5.1) 



N>B(p + ^ 1 (2p) + ^ 2 (2p)). 



Let < t < ±0-2)lnB, k = p_ +e~^N, 9 = e T N-^~ 2 \ £ G Cg°(B p (y)), £(x) = 1 if 
S B p/2 (y), < £(x) < 1, |Vf(x)| < 2p~ x . As above, set = ln+ 



- ^-i , so is a 

H k -(k-u) + +2- s 0e p-' 2 N 

positive number satisfying sq < \ lni?, which will be determined later depending on the data. Note the 
evident inequalities 

(k - u)+ < e~^N, < s In 2, 

!*'_(«) I < 2 So el^N-\ \^'_{u)\ 2 -' p < e- T N p - 2 , 

F 1 (x)dx< 1 T 1 {2p) p p n - p 1 J F 2 (x)dx< 1 ^ 2 (2p)P- 1 p n -P. 

B P {y) B„(y) 

Since condition (|1.14p guarantees that 
(5.2) ^-(u) = for x G B p (y),t = s, 

Lemma 12.21 implies that 



ess 

s<t<s+8p 



sup / *i(u)da;<7 // ^-\^'_{u)\ 2 - p \V£,\ p dxdt + 7 ff 

s+GpP J J J J J 



- p dxdt 



Q e P {y,s) 



+ 7 J J y-\y'_(u)\ 2 F 1 {x)dxdt+ J J *_|*'_ (u)\F 2 (x)dxdt 

Q e P (y,s) Q e P (y,s) 

, r ^ ^ n f 2 s «e^T 1 {2p)Y _ ( 2 Sa e^T 2 {2p)Y~ 1 n ^ 
(5.3) < 7S0/0" + 7So Ar I P n + is ( Ar ) p n < -ys p". 



N 



N 



Since 

> (s - l)ln2 for x G B p/2 {y) H ju < p- 

inequality ()5.3|) yields 



e p- 2 iV 
2«o 



(5.4) 



z e B p/2 (y) : u(x,t) < p- + 



2 S ° 



< 



(so 1) : 



rl s P/ 2 (y)l 



for all t G (s, s + 6>p p ), < t < 4(p — 2) lnB. Choosing sq from the condition 



(5.5) 

we obtain 
(5.6) 



■so 



1 

< -. 



(so -I) 2 - 2' 



x G B p/2 (y) : ufo s + e T N-^ff) < p_ + 



e p- 2 N 
2 S ° 



< ^\B p/2 (y)\ 



for all < r < |(p-2)lnS. 

In the same way as in |1Q[ p. 191] we consider the function 



)(x,t) = e^-N' 1 pp- 2 (u(x,s + (ep l2 N~ 1 ) p 2 p p ) - M-) > 
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and let k — 2 S(1 p- 2 . 

Inequality (|5.6p translates into w as |{x € B p / 2 (y) ■ w(x,t) < ko}\ < \\B p / 2 (y)\ : which yields 
(5-7) \{x E B 4p (y) : w(x,t) < fc }| < (l - |S 4p (y)| 

for all r e (0, 2- s «(p- 2 )- 1 (p - 2) In B k^ p pP). 

Since w > 0, formal differentiation, which can be justified in a standard way, gives 

(5.8) w T — — - — w + (ep=5 N~ 1 p^>) p ~ 1 u t > div A(x,t, w, Vro) + fioOM, w, Vio), 

p- 2 

where A, clq satisfy the inequalities 



(5.9) 



A(x,t,w,Vw) -Vw > c 1 \Vw\ p , 

\A(x,t,w,Vw)\ < c 2 \Vw\ p - 1 + (e^N- 1 p^) p - 1 f 1 (x), 
\a (x,t,w,Vw)\ < c 2 |Vu;| p - 1 + (e^ N^p^f' 1 f 2 (x). 



Lemma 5.1. For every v 6 (0, 1) there exists s* > sq , 2 s * < 2 s °^ p 2 ) 1 {p — 2)lni3, depending only on 
the data and v such that 



\{Qt p :w(x,T)<^}\<u\Ql p \, 



(5.10) 

where Q* = B p (y) x (2fc 2 ~V, (2 s 'k^)P- 2 pP). 

Proof. Using Lemma [231 with k = p-, I = 2 4 i h, so < s < s*, due to (|5.7j> we obtain the inequality 



(5.11) 



2S I^,4 P WI<7P 



|Vw(x, r) | da; 



for all r 6 (0,2^ s °(P- 2 )- 1 (p-2)lnBfco"V), where A ktP {T) = {x 6 : u>(x,r) < fc}. 

Integrating the last inequality with respect to r, r £ {2k^~ p p p , (2 s * fc ' 1 ) p_2 / o p ), and using the Holder 
inequality we obtain 



(5.12) 



where Ak, p = 



2 s 



A 



< IP 1 



| Vm(i, r) | p dxdt 



A fcn 4p \ Akg 



J 



A kjP (T)dT. 



To estimate the first factor we use LemmaOwith k = -j and £ e C °°(Qg p ), £(x, r) = 1 for (a;, t) £ 



n P , o<^,r)<i, ivei < 7P- 1 , 

Due to (|5"%|) . ((531) we obtain 



| Viu(x, t) | p dxdr < 7 



fe 



5| 

a* 



dxdr 



(5.13) + 7 (e^7V-V^) P ~ 1 (—^ I -w) + F 2 (x)dxdT + 1 (e^N- 1 p^) p // Fi(x)dxdT = j^J<. 
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Due to the choice of £(x, t) we have 
(5.14) 



Using (|5.ip and the definition of the K p , K p - classes we derive 
(5.15) 

h < 7 (e^N-^f- 1 k i s m P )^p-*\Ql P \ = 7 ^ ' 1 1 



N 



/> ley <7( ^Vp-^iQy 



(5.16) 

7 3 < 7 (e^iV-V^)^i(2p)V^IQa p l = 7 i 
Combining estimates (|5.12|) - (|5.16|) we obtain 



(5.17) 



,4 



<7iQa P i 



,4p 



Summing up the last inequalities in s, so < s < s*, we conclude that 

(5-18) (** - so)|^, 4p |^ <7lQ2„l^ T - 

Choosing s* by the condition 

(5.19) (s* -so) _£ ^7 < V, 

we obtain inequality (15. 10[> . which proves Lemma 15. II 



□ 

Using Theorem 11.51 with £ = t^ - ? 1 ^ = ^o, # = (2 s *fc _1 ) p_2 , a = — and choosing v from condi- 



tion (14.44j) we obtain 
(5.20) 



N 



w{x,t) > 2^rpi for 5C G -B 2p (y) 

and for all r G (fc^ p (2p)P, (2 s - /c^ 1 )?- 2 ^)?) . 

Due to the choice of k , we have kl~ p p p = 2 Sa ^-' 2 \ For r G (fco _p (2p)P, (2 s * fc " 1 )P- 2 (2 j o)P) there 
holds 

h = ex P 2^ +1 )(f- 2 ) +1 < e T < ex P 2( s *+ S0+1 )(f- 2 )+ 2 = b 2 . 
Inequality (|5.20[) translates for u into 

(5.21) u(x,s + t) > 2- s *- 1 bz 1 N = <tN for x G B 2p {y) 
and for all biN 2 - p p" < t < b 2 N 2 -PpP, where 

(5.22) h = biM = ft? -2 , = & 2 (s , a*) = &r 2 

depend only on the data. This completes the proof of Theorem 11.61 □ 



6 Continuity of solutions. Proof of Theorem 11.2 

Here we closely follow [7J Chapter III]. Let (x ,to) G £It be arbitrary 



?h(sq,*o) = Br(x ) x {t - R 2 ,t ), R < -min{l,to /2 ,dist(a;o,9fi)}. 
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Set 



/i+ = ess sup u(x,t), M— = essinf u(x,t), 

Q R (xo,t ) Quixo-to) 



LU = fl + — /i_ 



Fix a positive number s* , Si = 1°§2 fri < s* < log 2 &2, which will be determined later depending only 

on the known data, 61 = &i(so), b 2 = b 2 (so, s*) are defined in (|5.22jl . 

If 

oj > b 2 (R + T 1 {2R) + T 2 (2R)), 



p-2 



(6.1) 

then the cylinder 

Q R (x 0l t ) = B R {x ) x (t - 8RP, to), 

is contained in Q R (xo,to). In Q e n(xo,to) consider the cylinders 

Q R (x ,t) = B R (x ) x (t-nR p ,t), r) = hu) 2 - p , t - 9R P < i - r)R p < t < t . 

Let us fix v G (0, 1) satisfying with a = (|)^, £ = ■§ and 6> = 6i^ p ~ 2 . 

The following two alternative cases are possible. 



Firsi alternative. There exists a cylinder Q R (xo,i) C Q^ieoj^o) such that 



(6.2) 



{(M) G Q R (xo,t) : u(x,t) < + ^| < v\Q R (xo,t) 



Second alternative. For all cylinders Q R (xo,t) C Q^(;co;io) the opposite inequality 



(6.3) 
holds. 



|(x,t) 6 Q R (x ,t) : u(x,t) < (i- + ^| > j/|Q^(a;o,F)|. 



6.1 Analysis of the first alternative 

1 

Here we assume that (|6.ip is satisfied. By Theorem 11.51 with £ = |, a = (^) p ~ 2 we obtain from (16.2 
(6.4) i) > fi- + 2~ 1 ~^lu for all x G Bh (x q ). 



Using Theorem 11.61 with N = 2 
(6.5) 



p- 2 w from (|6.4[) we conclude that 
w(£, i) > /i- + crN for a; G Bh (xq) 



and for all i G (t + ^biR p , t + ^b 2 R p ), where a = cr(so, s*), 61 = &i(so), 62 = 62(50, s *) are fixed numbers 
defined in ([B~22| . 

Since i + < t < i + \b 2 R p ', inequality ([Ell) holds for (x, t) G B« (x ) x (i - t ). 

Thus we have proved the following 

Proposition 6.1. Suppose the first alternative holds. Then either to < b 2 (R + T\(2R) +T 2 (2R)), or 



(6.6) 



essosc u < (1 — 



6.2 Analysis of the second alternative 

This part is almost a literal repetition of the corresponding part from [7} Chapter III] and is here for the 
readers' convenience. 

Since (|6.3p holds for all cylinders Q R (xo,t), for the cylinders Q v R (xo,t) C Q R (xo,to) we have that 
(6-7) 

{(x,t) &Ql{xo,t) :u(x,t) >/i+-^}| < |{(M) £Ql(xo,t) :u(x,t) >/x+-|}| < (l-i/) \Q R (x ,t)\ 
Further on we assume that (16.11) holds. 
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Lemma 6.2. Fix a cylinder Q R (xo,t). Suppose that (|6.7p holds. There exists 6 (t — r\RP ,t — ^-RP) 
such that 

(6.8) 



jx e B R (x Q ) : u(x,U) > (i+ - 



< }— | \B R (x Q )\ . 



Proof. Suppose not. Then for all t € (t - nR p , t - ^-RP) there holds 



\x e B r {xq) : u(x,t) >fJ,+ - — j > y— Y 5 ''^ ) 



i-!qiRP 



Hence 



> 

which contradicts (|6.7[) . 

Lemma 6.3. There exists a number s\ < S2 < s* , which depends only on known data, such that 



|(x,t) <E Q R (x Q ,t) : u(x,t) > n+- t^- j 

jx e B R {x Q ) : u(x,t) > fi + - dt > (1 - i/)|Q^(a;o,i)|, 



jx e B R (x ) : u(x, t)>fi + ~ ^-j 



< 1 



\B R (x )\, 



(6.9) 

for allte (i- %r]R p : t). 

Proof. We use Lemma l2~2l in the cylinder B R (x ) x (i*,i) with fc = /i + — ^37, <3> defined by 



*+(«) = W 



ff fe + -(u-/* + + ^)+ + ^' 



#,t = ess sup (w-^+ + :—)+ < — , 



2 s i 



2 s i 



□ 



and £ satisfying 1b r(1 _ ct) (xo) — £ — lsj?(2;o)' — STr We can assume without loss that H k > ^sr 
since otherwise the assertion follows. From Lemma [2J2] it follows that 



<S>%{u{x,t))dx < / ^ + (u(x,U))dx + j(aR)' p // ^ +\V + {u)\ z - p dxdt 

Jb r (x ) jj_ 

(6.10) + 1 JJ ^+W+{u)\ 2 F 1 {x)dxdt + 1 J J ^ +\^' + {u)\F 2 {x)dxdt. 
From the definition of '5+ it follows that 

2 S2 



*+<s 2 ln2, < , |*+( U )| 2_P <7 



2*i 



On the set jx G B r (xq) : u(x,t) > [i + — we a l so have vp + > (s : — l)ln2. 

Using (UTS]) we infer from KTU\i that for all te (t*,t) 

{x £ B R (x ) : u(x,t) < ~ ^7} 



< (s 2 - l)- 2 ln- 2 2 / 



^\{u{x,t))dx + na\B R (x )\ 



(6.11) 



< 



+ 7 



•S-2 



S 2 \ 2 1 — ZV 

2 Yj i_» \ B R( x o)\ + na\B R (x )\ 



S-2 



r n- 



|S fl (a;o)|. 
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First choosing a such that na < | = v 2 and then S2 such that 

2 



S-2 



S2-1 



due to (|6.1[) we obtain the required (|6.9p from (|6 . . □ 

Since inequality (|6.9[) holds true for all cylinders Q v R {xo, t), Lemma [B~2l implies the following assertion. 
Remark 6.4. For all t e (t — ^0R p ,t o ) the inequality 



(6.12) 



holds. 



{x e B R (x ) : u(x,t) > n+ - ^}| < (l - (^) 2 ) |S fl (a:o)| 



Lemma 6.5. For any v 6 (0, 1) i/iere exists a number s* , S2 < s* < log 2 b 2 , depending on the data only, 
such that 



(6.13) 



{(M) G Q^(x ,i ) : u(x,t) > fi+ - ^pr} < f|Qfj(x ,to)| 



The proof of Lemma 1^751 is completely analogous to that of Lemma [57X1 



Using Theorem 11.51 with £ = i, a — ^,8 



that 
(6.14) 



and v defined by (|4.44jl , from (|6.13p we obtain 



u(x, t) < (Jt + - — — ; = /i+ - criw for a.a. (x, t) e Qh (x , t )- 
z A fl 2 

Thus we have proved the following 
Proposition 6.6. Let the second alternative hold. Then either uj < b2(R + J~i(2R) + J 7 2(2R)), or 



(6.15) 



essosc u(x, t) < (1 — o-\)u). 

Q" R (x .t ) 



From Propositions 16.11 16.61 in the same way as in Chapter III, Proposition 3.1] with the help of 
[TT1 Lemma 8.23] we obtain: 

Proposition 6.7. For any e € (0, 1) and for all p < R, there exist [3, 7 > and a £ (0, 1), depending 
only on the data, such that 



(6.16) 



essoscu(ir,f) < 7 (£-) a uj(R) + 1 T l {2p E R 1 - e ) + 1 T 2 {2p e R 1 '"), 

Q(p,M) \R/ 



where Q{p, M) = B p (x ) x (t - /3M 2 ~PpP ,t ), M = ess sup \u(x, t)\. 



This completes the proof of Theorem 11.21 



7 Harnack inequality. Sketch of Proof of Theorem 11.3 

After we have proved Theorems 11.51 and 11.61 the rest of the arguments do not differ from [TU] . We give a 
short sketch here. 

Let us consider the cylinder Q T = B tp (xq) x (to — T p p _ 2 ,to), uq := u(xo,to). Following Krylov- 



Safonov [H] consider the equation 

maxu(x,t) = uq(1 — t)~^ 
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where (3 > 1 is to be determined only depending on the data. Let To be the maximal root of the above 
equation and u(x,t) = uq(1 — t)^ 13 . Let Q = B i-r (x)x (t— {^P-Y -§=?, i) . Since Q C Q i+t C Qi, 

2 P \ ^ Z ' U Q J 2 

we have that 

maxu < max u < 2^(1 — tq)^^uq. 

Q Q i+T-n 

2 

Claim 1. There exists a positive number v{(3) such that 

{(x,t)eQ : u(x,t) > 1(1 -ro)-^} > v(0)\Q\. 



Indeed, in the opposite case we apply Theorem 11.51 with the choices 

H+ = 2P(l-T Q )-f 3 u , £lu = (2' 3 -i)(l-r )-' 3 w , a = 5f4. The condition M > B{p+Ti{2p)+T 2 {2p)) 

Z ' 2 

obviously implies that £w > B{^p-p + — T )p) + ^((1 — r o)p))- Therefore we can conclude that 

u(x,t) < |(1 — t )~' 3 reaching a contradiction which proves the claim. 

Claim 2. (Analogue of [TUl Proposition 8.3]) For every v$ G (0, 1) there exists a point (y, s) G Q and 
rjo G (0, 1) and a cylinder Q* = (y, s) + Q B ria (i- To ) p C Q such that the inequality uo > -B(p + .Fi^p) + 
J- 2 (2p)) implies that 

\{{x,t) G Q* : zt(x,t) < -(1 -T y p u \ < u \Q*\- 

The proof is the same as in 10 . One writes down the energy inequality (|2.ip with k — 5(1 — to) _,9 mo 
over coaxial cylinders 2Q and Q and obtains the inequality 

|V( U -fc)_R^< 7 — |Q|, fl=-^V 

One only needs to note the estimates of the additional terms in the energy inequality (|2.ip . In the 
following (|1.7[) . (|1.8|) are used. 

Qn{u>fc} V 2 / V 1 J HP 

(u Q-hPdxdt < 7 fc (ful^ {^—^Py * F 2 {2pf- 1 < 7 ^|Q|. 

The rest of the proof of Claim 2 is the same as in flUl Proposition 8.3] and is based on Lemma 
which in turn relies on [jj]. 

As in [TO], by Theorem 1 1.51 we obtain that there exist (y, s) G Q and r/o G (0, 1) such that 

u(x, s) > y(l - to) - ' 3 for I a; - y| < r := 770^-^^. 



Then an application of Theorem 11.61 yields that if 

Y (1 - t )-P > B(r + F x {2r) + T 2 (2r)) 

then 

u{x, t) > a^(l-ro)^ for |ar-y| < 2r, - r )- /3 ) 2 ~ ? &ir*> < i < s+ (y(l - To)^)^ b 2 r 

After iteration for j = 1, 2, 3, . . . we have either 

^-^(l - to)-' 3 < B(a j r + Fx(2a j r) + T 2 {2a^r)) 



p 



or 



u(x,t) > a j ^-(l - To)- for \x-y\< 2 j r 7 
8 



tf = $\ + (|(1 - T0)^^) 2 "% 1 ^ < * < + (|(1 - T )^^) 2 "% 2 ^ = t f 

Choosing j such that 2 :, 7yo 1 "^ T " = 2 and (3 by the condition 2^u = 1 we complete the proof, (see [TU1 
Section 8] for details). 
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